Using the hybrid formalism, superstring on AdS 3 × S 1 is studied in a manifest supersymmetric manner. The world-sheet fields in this description including superspace coordinates are obtained through a field redefinition from the corresponding ones in the RNS formalism. The physical states are defined by the BRST cohomology as an N = 4 topological string theory. The physical spectra for some lower mass levels are investigated. We identify two series of the space-time chiral primaries which have been already obtained from the analysis in the RNS formalism. We find that they are described by the chiral and the vector supermultiplets but the latter has different on-shell physical structure whether it is massive or massless. The spece-time supersymmetry on this background is extended to the boundary N = 2 superconformal symmetry. We explicitly construct its generators and study how they act on the concrete supermultiplets.
§1. Introduction
The world-sheet symmetries play an important role during the first evolutions in the superstring theory. These symmetries are useful to study the string as a two-dimensional field theory, which leads explosive developments in its perturbative understandings. From this viewpoint, the Ramond-Neveu-Schwarz (RNS) formalism is the most convenient formulation to get space-time covariant results. The space-time supersymmetry, on the other hand, is not manifest in this formalism but obtained by imposing the GSO projection on representations of the (world-sheet) N = 2 superconformal symmetry.
In the next stage, however, the space-time symmetries become more important to study non-perturbative aspects of the superstring. The space-time supersymmetry, in particular, increases its importance as a way to classify several BPS states belonging to some short representations of the supersymmetry. The spectra of these states are protected by the symmetry and can be discussed independently of the string coupling constant. The GreenSchwarz (GS) formalism has the manifest space-time supersymmetry and so is the most convenient way to investigate these states. Nevertheless, it is not known how to quantize the GS superstrings keeping all the space-time supersymmetries manifest.
The formalism proposed and developed in 1)-3) is a hybrid of these two, the RNS and the GS formalisms and can be quantized preserving manifest D-dimensional supersymmetry for D < 10. The D-dimensional part is described by space-time superspace coordinates (with conjugates of fermionic coordinates) and some additional bosons. The remaining (10 − D)-dimensional part, interpreted to represent some compactified space, is generally described by appropriate representations of the N = 2 superconformal field theory. The physical states are defined by the BRST cohomology as an N = 4 topological string.
2) This formalism has already been applied to study superstring on variety of backgrounds and shown its validity.
3)-5)
In this paper, we apply the hybrid formalism to the superstring on AdS 3 × S 1 × N /U (1) with the manifest space-time (anti-de Sitter) supersymmetry on AdS 3 × S 1 . These backgrounds have received much attention 6)-11) as the simplest solvable model for studying AdS/CFT-duality 12) beyond the supergravity approximation. Strings propagating on AdS 3 , with NS B-field background, are described by SL(2, R) WZW model with level k 7), 8) and exactly solvable as a conformal field theory. Their spectrum has been studied in detail and found to have to include spectrally flowed representations. 10) These representations can be naturally incorporated by using a free field realization as the discrete light-cone Liouville theory, 11) in which the discrete light-cone momentum is identified with the spectral flow parameter. Applying this framework to the RNS superstrings, two series of the space-time 2 chiral primaries were found.
11)
From these world-sheet fields in the RNS formalism, we can obtain the ones in the hybrid formalism through a field redefinition. The four dimensional sector describing AdS 3 × S 1 is represented by superspace coordinates (X 0 , X 1 , φ L , Y ; Θ ± ,Θ ± ), conjugates of fermionic coordinates (P ± ,P ± ) and an additional boson ρ. The compactified space N /U(1) sector is characterized by the N = 2 superconformal symmetry, generated by (T N /U (1) , G ± N /U (1) , I N /U (1) ), with central charge c = 9 − 6/k.
The physical states in this formalism is defined by the BRST cohomology as an N = 4 topological string theory.
2) We explicitly identify physical spectra corresponding to the two series of the space-time chiral primaries which have been obtained in the RNS formalism.
The supermultiplet structures of these series are also clarified. The first series is described by the chiral supermultiplet including a scalar, a two-component spinor and an auxiliary filed. In the second series, two cases have to be distinguished whether the N /U(1) sector is excited or not. We find that the former (latter) is given by the massive (massless) vector supermultiplet. The space-time supersymmetry on this background AdS 3 × S 1 can be extended to the boundary N = 2 superconformal symmetry with the central charge c = 6kp. This is closed off shell in the hybrid formalism. We explicitly construct its generators and study how they act on the concrete fields in the supermultiplet. Since the spectral flow operation does not commute with the world-sheet Hamiltonian, the generators act as spectrum generating operators on generic states with non-vanishing light-cone momentum p = 0. Only two of the supersymmetries are closed on a supermultiplet, while the others generate new physical states with different masses. On the special states with vanishing light-cone momentum p = 0, on the other hand, all of the infinite supersymmetries are realized on a supermultiplet.
This paper is organized as follows. We begin with a brief review of the RNS superstring on AdS 3 × S 1 in §2. The (super) WZW model on this background is described in terms of a free field realization as the discrete light-cone Liouville theory. 11) We reformulate it as an N = 4 topological string theory for later convenience. In §3 hybrid world-sheet fields are introduced through a field redefinition. The model can be completely rewritten in terms of these hybrid fields, which makes all the space-time supersymmetries manifest. The generators of the boundary N = 2 superconformal algebra are explicitly constructed. In §4 we construct the Hilbert space of the hybrid superstring by extending the spectral flow operation to the currents consisting of the space-time spinor fields. The physical spectrum for some lower mass levels are investigated in §5. They are identified with the two series of the space-time chiral primaries and represented by the chiral and the vector supermultiplets respectively.
We study, in §6, how the off-shell supersymmetries are realized on these supermultiplets. §7 is devoted to summary and discussion. Three appendices are added for some useful details: In Appendix A, we rewrite the space-time N = 2 superconformal generators using the currents of the global sl(1|2) symmetry.
13) The hybrid fields introduced in this paper are the analogs of the chiral coordinates (y m , θ α ,θ α ) in the flat four dimensions which is convenient to study the chiral supermultiplet. 14) We give a similarity transformation to get the real coordinates with proper hermiticity in appendix B. The space-time and the worldsheet superconformal generators are transformed. We show, in appendix C, how the fields are transformed under the bosonic symmetry of the N = 2 superconformal symmetry. These transformation laws are needed to confirm that the symmetries actually satisfy the N = 2 superconformal algebra. §2. RNS superstrings on
Let us start from briefly reviewing the RNS superstring propagating on
It is given by the tensor product of the N = 2 superconformal field theories representing each component space. The AdS 3 sector is described by a world-sheet supersymmetric extension of the sl (2) current algebra * )
by introducing three free fermions
The level of this algebra is taken to be such a value that the algebra of the total currents
has level k. For bosonic currents (2 . 1), we use a free field realization 11), 15) 
We define a U(1) current 6) for later use. This description of the RNS superstring on AdS 3 × S 1 has the N = 2 world-sheet superconformal symmetry generated by
with the central charge c = 6 + 6/k.
For the compactified space N /U(1) sector, we denote the N = 2 superconformal generators as (T N /U (1) , G ± N /U (1) , I N /U (1) ) whose central charge have to be c = 9 − 6/k for criticality. The string state is provided by an arbitrary unitary (rational) representation of this N = 2 superconformal algebra characterized by two quantum numbers (∆ N , Q N ), the conformal weight and the U(1) charge.
In addition to these matter fields, the superconformal ghosts (b, c) and (β, γ) satisfying
must be introduced to quantize the RNS superstring covariantly. The ghost sector also has the N = 2 superconformal symmetry generated by 
where
In order to construct space-time supercharges, we need to bosonize the world-sheet fermions and the U(1) current I N /U (1) as
The bosons H I (z) (I = 0, 1, 2) satisfy the standard OPEs:
14)
The superconformal ghosts must be also bosonized by 16) c =e
Here, it is important to note that the Hilbert space of the original bosonic ghosts (β, γ) is different from the one of the bosonized fields (φ, ξ, η), or equivalently (φ, χ), since the zeromode ξ 0 is not included in the bosonization formulas (2 . 15). The former (latter) is called
where 22) are the generators of the bosonic subgroup SL(2) × U(1). This global sl(1|2) symmetry can be extended to the infinite dimensional N = 2 superconformal symmetry as we will explicitly construct its generators in §3.
Before closing this section, we reconsider the physical state conditions to develop the hybrid formalism in the next section. As already mentioned, the physical states are originally defined by the BRST cohomology in the small Hilbert space H small . However since H small is not sufficient to realize the space-time supersymmetry, we should modify them into the conditions in H large as 
These conditions (2 . 23) have a natural interpretation as an N = 4 topological string theory as follows. We note that there is the hidden twisted N = 4 superconformal symmetry in H large generated by 2) T =T m + T gh ,
This definition of the ghost number is related to the familiar one N c = dz 2πi (cb − γβ) through the relation Q gh = N c − R, where R = dz 2πi (ξη − ∂φ) is the picture counting operator. The difference between the two definitions is a constant in a given picture.
The conditions (2 . 23) can be written in terms of these N = 4 generators as
which are the definitions of the physical states in the N = 4 topological string theory. 
In this paper we label the first condition (2 . 27a) as the equation of motion and the second (2 . 27b) as the gauge transformation according to the standard terminology of the string field theory. These conditions will be solved to investigate some physical states in §5. §3. Hybrid superstrings on
We develop the hybrid formalism on AdS 3 × S 1 in this section. We introduce the hybrid fields through a field redefinition from the RNS fields, which allows the whole space-time supersymmetry to be manifest. Using these new fields, the space-time N = 2 superconformal generators are explicitly constructed.
The basic fields of the RNS superstrings on 
Then we define the space-time spinor fields and their conjugates as
The basic fields in the hybrid formalism are finally given by superspace coordinates (and conjugates of fermionic coordinates) with an additional boson (
The U(1) boson in N /U(1) sector is modified to H 2 , which requires modifications of the N = 2 superconformal generators to (
We note here that these new generators of N /U(1)-sector completely (anti-)commute with the hybrid fields in the AdS 3 × S 1 -sector.
In terms of these hybrid fields, the space-time supercharges are written as
where we carry out a similarity transformation generated by
so that the supersymmetry may be closed in the AdS 3 × S 1 sector. In our case, this spacetime supersymmetry is enlarged to the N = 2 superconformal symmetry with c = 6kp. We can explicitly construct their generators as
where γ = e −βi(X 0 +X 1 ) . We will use these explicit forms to obtain the transformation laws of some lower-level physical fields in §6.
In order to provide the physical state conditions, we must also rewrite the N = 4 topological superconformal generators (2 . 25) in terms of the hybrid fields. Here we give only the N = 2 subset, in the forms after similarity transformation R 0 , which are essential and enough to get all the N = 4 generators:
where , which guarantees the physical spectrum to be supersymmetric. Although these forms are useful for explicit calculation, and will be used in §5, the hermiticity of hybrid fields is non-trivial. We must carry out further similarity transformation to obtain the fields with conventional hermiticity. We provide this similarity transformation in Appendix B. §4. Spectral flow and the Hilbert space of the hybrid superstring Now let us study the Hilbert space of the hybrid superstring including spectrally flowed representations. 10) We consider the structure of the sl(2) currents (A . 2) since the spectral flow is defined by their automorphism. They can be decomposed into three independent parts
where j a are the bosonic current (2 . 4) and
are the two independent fermionic currents with level −1 respectively. The flowed representation of the bosonic part is defined by 10)
which is realized as the oscillator vacuum of the free field realization of the discrete light-cone Liouville theory as 11) |j, m, p 0 = e
where |0 B is the bosonic SL(2, R) invariant vacuum. For the string theory on AdS 3 , we must include all the spectrally flowed representations of the continuousĈ
+is and the discrete representationD +(p) j for consistency.
10), 11)
Now the extension to the fermionic part is simply obtained by replacing j a with the 2) and assuming the fermionic SL(2, R) invariant vacuum is its singlet. The conditions are provided by setting j = m = 0 and replacing k + 2 → −1 in (4 . 3). The flowed representation is then given by the state |p F defined by
which is explicitly constructed (up to sign) on the fermionic SL(2, R) invariant vacuum |p = 0 F as
Moreover we use the representation
13 for the fermionic "zero-modes", where θ = (θ ± ,θ ± ) are the fermionic coordinates. The concrete expression of this state |θ, p F is obtained from the oscillator state (4 . 6) as
Eventually, the spectrally flowed representation of the total algebra (4 . 1) is obtained by the tensor product |j, m, p, θ = |j, m, p 0 ⊗ |θ, p F .
For S 1 direction Y and the additional boson ρ, we take the oscillator ground states as
where the eigen-value l + p of the ρ-momentum is determined such that the physical state conditions (2 . 27) are consistent with the spectral flow. The unflowed part l must be restricted to l = 0, ±1 to avoid the infinite degeneracy due to pictures in the RNS formalism. Together with representations |∆ N , Q N of the N = 2 superconformal algebra in the
we can define the total Hilbert space of the hybrid superstrings on AdS 3 × S 1 × N /U(1) as the tensor product of all these ground states
where the zero-modes (j, m, p, q) are denoted simply by j. It is useful to note that the world-sheet energy of this state is given by
12) where we use the U(1) condition (2 . 27c) which now leads
In this section, we explicitly investigate the physical spectrum on the oscillator ground states constructed in the previous section. We concentrate on the states whose N /U(1) sector is the world-sheet chiral primary states characterized by
. In this case we find physical states for l = −1 (l = 0) identified with the first (second) series of the space-time chiral primaries which have been obtained in the RNS formalism 11) * ) * ) We expect that there is no physical state for l = 1 in this sector, which is not explicitly shown in this paper.
Let us consider first the l = −1 case in detail. The oscillator ground state is generally given by
where Φ is the superfield being a function of zero-modes (j, θ) = (j, m, p, q, θ ± ,θ ± ). The eigen-values of N /U(1) sector are omitted since they are not independent due to the U(1) condition Q N = 1 − p + Q 2 q and the chirality
. In terms of this superfield Φ, the equation of motion (2 . 27a) and the gauge transformation (2 . 27b) can be written as
We can obtain the gauge transformation (5 . 2b) by taking the gauge parameter state as e.g.,
whereΛ ± (j, θ) are the gauge parameter superfields.
In order to solve the equation of motion (5 . 2a) and find the explicit physical spectrum, we expand the superfields Φ andΛ ± as
where the component fields are the functions of j = (j, m, p, q). The gauge transformation (5 . 2b) can be given in terms of these component fields as
For fixing these invariances, we take the gauge conditions
Then the remaining fields form the chiral supermultiplet including two bosons and two
). Here and hereafter, we omit (j, p, q) dependence since they are common in a supermultiplet, in other words, inert under supersymmetry transformations as will be seen in the next section. The equations of motion for these reduced fields become
where K (m) is the Klein-Gordon operator on AdS 3 × S 1 defined by . If we take the ground state for T 4 sector, the U(1) charge spectrum of the world-sheet chiral primaries is given by
. Then the space-time R-charge become
which coincides with the spectrum of the first series of the space-time chiral primaries obtained in Ref. 11). Actually the space-time conformal weight is independently calculated as 
The explicit forms of the gauge transformation (2 . 27b) are different for the following two cases. For Q N = 0, it is given by
where gauge parameter superfield comes from
The Q N = 0 is corresponding to the ground state in N /U(1) sector, which is often called compactification independent. The gauge symmetry is enlarged in this case to 16) where the additional transformation is come from the state 17) with the U(1) charge −3 + Q 2 in N /U(1) sector.
If we expandΣ and Σ as
18) * ) The p = 0 case is an exception. The on-shell condition can be solved by taking j = −q but m being arbitrary.
and Φ as (5 . 6a), the gauge transformations of the component fields for Q N = 0 are given by δφ = −λ,
δϕ =0,
We can fix these invariances by taking the gauge conditions
) include six degrees of freedom for both bosons and fermions. The equations of motion (5 . 13) then reduce
These are the equations of motion for the massive vector supermultiplet on AdS 3 × S 
20
can be fixed by taking the gauge
The equations of motion (5 . 13) are given in this gauge by
which are still invariant under the residual gauge transformation
The equations (5 . 24) thus should be interpreted as the Maxwell and the Dirac equations on So far the hybrid formalism of the superstring on AdS 3 × S 1 has been investigated, preserving the manifest space-time N = 2 superconformal symmetry. We have also identified the two series of the space-time chiral primaries and clarified their supersymmetry structure. They are described by the chiral and the vector supermultiplets but the vector supermultiplet has different structure whether it is massive or massless, as is well known. The massless vector supermultiplet has less on-shell physical degrees of freedom due to the gauge invariance.
In this section, we provide the concrete supersymmetry transformations on these supermultiplets by taking the Wess-Zumino(WZ)-like gauges (5 . 8) 
which are induced from actions of G ± r , (3 . 8b) and (3 . 8c). We can confirm that they actually 22 satisfy the N = 2 superconformal algebra with vanishing central charge c = 6kp = 0:
where δ L n and δ I n are bosonic transformations induced from the actions of L n (3 . 8a) and I n (3 . 8d), whose explicit forms are given in the appendix C.
For p = 0, however, only two supersymmetries δ
are closed on the chiral supermultiplet
which satisfy the three, one bosonic and two fermionic, dimensional subalgebra of (6 . 2) defined by only one non-trivial relation
The right hand side vanishes on shell since the on-shell fields are space-time chiral primaries. The two cases of l = 0, whether Q N = 0 or not, have similar structures. For p = 0 in Q N = 0 case, the superconformal transformations on the massive vector supermultiplet 5) which are also satisfying the N = 2 superconformal algebra (6 . 2). Two supersymmetry transformations on p = 0 fields become
This satisfies the subalgebra (6 . 4) whose right hand side vanishes on shell also in this case.
In the case of massless vector supermultiplet, the superconformal transformations for the p = 0 are written as
which satisfy the N = 2 superconformal algebra (6 . 2) up to gauge transformation (5 . 25), e.g.
The gauge parameterλ is field-dependent and given bȳ
Two manifest supersymmetries for p = 0 are now
where we use q = k 2 p obtained from the U(1) constraint. They also satisfy the sub-algebra of the modified supersymmetry (6 . 8), 11) with the gauge parameterλ
These two supersymmetries are anti-commutative on shell up to the gauge transformation. §7. Summary and Discussion
In this paper, we have studied the superstring on AdS 3 × S 1 using the hybrid formalism.
This description has been obtained by a field redefinition from the world-sheet fields in the RNS formalism. 10), 11) The space-time supersymmetry is manifestly preserved and closed off shell. The physical spectrum has been investigated and identified with two series of the space-time chiral primaries found from the analysis in the RNS formalism. 11) While the first series are simply represented by an AdS-analog of the chiral supermultiplet, the second series described by two different supermultiplets depending on whether Q N = 0 or not. The former (latter) is the massless (massive) vector supermultiplet with two (three) on-shell physical degrees of freedom for both bosons and fermions.
The supersymmetries on AdS 3 × S 1 can be enlarged to the boundary N = 2 superconformal symmetry. The whole infinite dimensional symmetry is realized on the vanishing light-cone momentum p = 0 states, arising from the fact that the mass spectrum is degenerated with respect to the momentum m. For non-vanishing light-cone momentum p = 0, however, this degeneracy is solved and the superconformal symmetry become the spectrum generating symmetry. Only two of them are closed on a supermultiplet. These two form a simple subalgebra whose right hand side vanishes on shell. The other symmetries generate new physical states with different masses.
The Penrose limit of AdS 3 × S 1 gives a NS-NS plane wave background, 18) the hybrid superstring on which has been already studied. 5) It is interesting to compare the results of two models and trace, for example, the transition of the physical spectra in the limit. Such an analysis for superstring on AdS 3 × S 3 was recently given by using the RNS formalism.
19)
We can carry out a similar analysis for the hybrid superstring on AdS 3 × S 1 keeping all the supersymmetries manifest. We hope to report the result in the future.
The similarity transformation to the real variables
The hybrid fields given in the text are analogs of chiral coordinates which are convenient for actual calculation but obeying some nontrivial hermiticity property. We can obtain the real variables with proper hermiticity by carrying out the similarity transformation generated
This keeps L n and I n invariant, but transforms the supercharges G ± r into the symmetric forms with proper hermiticity:
where the transformed fermionic currents (Q ± ,Q ± ) have also symmetric form aŝ
We note that new currents (J ±± , J 3 , J Y ,Q ± ,Q ± ) satisfy the same sl(1|2) current superalge-
The similarity transformation also acts on the world-sheet N = 2 superconformal generators. The bosonic T and I are kept invariant but fermionic G ± are transformed as
The normal ordering 
Appendix C Bosonic transformation laws of the components fields
In this appendix, we provide the bosonic transformation laws (δ We can easily confirm that the supersymmetry transformations (6 . 1) and (6 . 5) actually satisfy the algebra (6 . 2) by using these bosonic transformation laws. 
